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Abstract

This paper exploits the concept of expectation dependence to propose an alternative
representation of the consumption-based capital asset pricing model (C-CAPM). While
the first-degree expectation dependence (FED) drives the C-CAPM’s riskiness for a
risk-averse investor, the second-degree expectation dependence (SED) is required to
account for the downside risk faced by a prudent investor. Theoretical and empirical
assessments reveal that the expectation dependence-based C-CAPM can realistically
match equity and variance risk premia. The consumption SED risk emerges as a fun-
damental source of uncertainty driving asset prices.
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1. Introduction

The consumption-based capital asset pricing model (C-CAPM), developed by Rubinstein
(1976), Lucas (1978), and Breeden (1979) relates an asset’s risk premium to the covariance
between the return on this asset and an investor’s intertemporal marginal rate of substitution.
In this pricing framework, the quantity of risk is captured by the covariance of the marginal
utility of consumption with the asset return. Assuming a special case of power utility function
and joint normal distribution of observable covariates, this quantity of risk can be assessed
by the covariance of the asset return with aggregate consumption growth. However, power
utility does not combine well with non-normal distributions whereas there is strong evidence
that financial returns are non-normally distributed. This underscores the importance of
accurately assessing higher-order risks in the determination of asset prices and risk premia.

This study proposes a new representation of the C-CAPM pricing rule based on the con-
cept of expectation dependence that delivers an alternative measure of downside risk. While
the riskiness in the C-CAPM is driven by the covariance between the asset return and the
marginal utility of consumption, we typically do not have empirical access to the marginal
utility of consumption. Instead, consumption and asset return are empirically accessible.
A key insight of our contribution is that the covariance between an investor’s marginal
utility of consumption and an asset’s return can be re-expressed in terms of the expecta-
tion dependence between empirically accessible covariates, that is, asset return and aggre-
gate consumption growth. The proposed expectation dependence-based C-CAPM highlights
higher-order risk quantities and corresponding higher-order risk attitudes without imposing

restrictive assumptions on the functional forms of distributions and preferences (Eeckhoudt



and Schlesinger 2006, Denuit and Eeckhoudt 2010). Our theoretical representation of the
pricing rule determines the optimal asset risk premium as a function of a relative risk aver-
sion index for the first-degree expectation dependence (FED) and a relative prudence index
for the second-degree expectation dependence (SED).

The adopted approach is related to the literature on the measurement of risk, which is
central to asset pricing. Closely related to our work are papers by Denuit et al. (2015) and
Wright (1987) who explore the theoretical foundations of expectation dependence in decision
theory. Li (2011) generalizes the concept of expectation dependence to higher orders to char-
acterize how background risks shape the demand for risky assets. Higher risk attitudes are
mapped to higher-oder risk quantities in Crainich and Eeckhoudt (2008), Denuit and Eeck-
houdt (2010), Eeckhoudt and Schlesinger (2006), and Gollier et al. (2013), among others.
Denuit and Scaillet (2004) and Zhu et al. (2016) develop inference frameworks and robust
empirical tests for expectation dependence. Another strand of the asset pricing literature
builds on the seminal work of Kraus and Litzenberger (1976) and subsequent contributions
by Harvey and Siddique (2000), Dittmar (2002), Ang et al. (2006), Martellini and Ziermann
(2010), and Lambert and Huebner (2013) to document empirical evidence of risk premia
associated with higher-order moments (coskewness and cokurtosis) of portfolio return distri-
butions. Recent asset pricing models with higher moments in consumption growth, driven by
left-skewed and fat-tailed shocks, yield realistic premia as argued in Martin (2013), Constan-
tinides and Gosh (2017), and Pohl et al. (2018). By specifying consumption and dividend
growth processes in a bad uncertainty-good uncertainty environment, Feunou et al. (2018)
extend Bollerslev et al.’s (2009) model and document empirically sound implications such as

countercyclical market compensations of risks and sizeable variance risk premia.



This paper focuses on expectation dependence because a more restrictive measure of
dependence is not needed to obtain the results. While first-degree expectation dependence
and covariance are linked, there is not necessarily a one-to-one correspondence in the signs
of these two measures of dependence. For a risk-averse agent, a necessary and sufficient
condition for a positive risk premium is positive first-degree expectation dependence. Because
positive covariance does not necessarily imply positive first-degree expectation dependence,
by corollary, positive (negative) covariance is not sufficient to ensure a positive (negative)
risk premium for all return distributions.

Further, first-degree expectation dependence may not be sufficient to set the equilibrium
price of an asset. A prudent investor who saves for precautionary motives (Kimball 1990)
also cares about the downside risk (Menezes et al. 1980) or a related measure, the second-
degree expectation dependence. Lettau et al. (2014) argue that a downside risk-based
asset pricing model can successfully price the cross section of various asset classes including
equities, equity index options, commodities, sovereign bonds, and currencies. We show for a
prudent investor that a positive second-degree expectation dependence commands a higher
premium through the aversion to downside risk. Accounting for prudence and related SED
risk quantity may help better assess the premium implied by a given risk aversion level.

Using both simulations and international markets data from Campbell (2003), we imple-
ment the same estimation procedure to appraise the empirical performance of the expectation
dependence representation of the C-CAPM in matching observed equity and variance risk
premia. Our SED representation of the C-CAPM yields realistic empirical indexes of risk
aversion for equity and variance risk premia.

The paper proceeds as follows. Section 2 presents an alternative expectation dependence-
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based representation of the pricing rule for a risk-averse representative investor. Section 3
extends the analysis to a prudent investor. Section 4 compares theoretically and via sim-
ulations the standard pricing expression with the expectation dependence-based formula of
the C-CAPM. Section 5 shows empirically how the expectation dependence-based represen-
tation can help improve the empirical performance of the C-CAPM in matching the equity
risk premium on international markets and the variance risk premium in the U.S. market.

Section 6 concludes. The Appendix contains additional results.

2. C-CAPM for a Risk-Averse Representative Agent

Suppose an investor can freely buy or sell an asset with random payoff ;.1 at a price p;.
The asset’s gross return is 1 + Ryyq = Zi11/pe- The investor’s preference is represented by
a utility function u, with ' > 0, " < 0, and derivatives existing to all orders. Denote the
time discount factor by 3, and the current consumption by ¢;. The Euler equation from the

investor’s utility maximization problem gives the well-known C-CAPM rule in return form

_ Covy [/ (Cs1), Rtﬂ]
Etu/(ét-i-l) ’

Et.ét+1 - R{ — (].)

where E; is the conditional expectation operator, ¢;11 is the time t+1 consumption, 1 —|—R{ =
(BEw! (G141)/u'(¢,)) " is the gross return of the risk-free asset, u' is the marginal utility
function, and EthH — R{ is the asset’s conditional equity risk premium.

A key challenge in the empirical literature is to reexpress the pricing formulas using the
dependence between observed variables, namely, consumption (not the marginal utility of

consumption) and the asset’s return. To circumvent this challenge, restrictions are commonly



imposed on utility functions and distributions.! By rewriting the covariance in (1) in terms
of expectation dependence measures between observed covariates, we propose an alternative

representation of the C-CAPM pricing rule.

2.1. Pricing with First-Order Expectation Dependence

The concept of first-degree expectation dependence (FED) is a stronger definition than
correlation (Wright 1987). Formally, consider two continuous random variables (Z,7) €
[z, Z] X [y,y]. Let F(z,y) denote the joint cumulative distribution, and Fj;(x) and Fj(y) be

the marginal distributions of Z and .

Definition 2.1 If FED(Z|y) = [EZ — E(Z|y < y)] > 0 for all y € R, then T is positive

first-degree expectation dependent on .

Wright (1987, p. 113) interprets positive FED as follows: “When we discover ¢ is small,
in the precise sense that we are given the truncation y < y, our expectation of T is revised
downward.” Here, we exploit a useful equivalence between the sign of cov (f(Z),y) and
positive (or negative) FED for any monotone function f (Theorem 3.1 in Wright 1987).2

The consumption growth between time ¢ and ¢ + 1 is g;41 = ¢41/c¢; and takes values
in [g,g]. The second derivative of the utility function is negative (u” < 0) because a risk-
averse investor’s marginal utility is monotonically decreasing. Using integration by parts as
in Cuadras (2002) and results in Tesfatsion (1976) and Wright (1987), the covariance in the
pricing equality can be reexpressed in terms of the FED and a second-order preference index:

g

covi[t/(ciGes1), Repa] = /FED(RtH|gt+1)CtU”(Ct9t+1)F§t+1(9t+1)d9t+1- (2)
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Appendix A1 gives the proof of (2). Define RRo(¢t11) = —cip1u” (cri1) /0 (c41) as the Arrow-

Pratt relative risk aversion index, MRS = u'(c41) /0 (¢t) as the intertemporal marginal

Ct+1,Ct

rate of substitution, and set [B(1 + R!)]™" = Eu/(é41) /1 (c;). We use (2) to rewrite (1) as

Etét—&-l - R{
B(1+R])

g ~ 1
= / FED(Ry+1|g641) Fgo0y (9e+1) RR2(ge+1) MRSc g, g—d9t+1‘ (3)
g -~ - t+1

FED risk

The quantity of consumption risk in (3) is measured by the FED of asset return with con-
sumption growth. The other terms reflect the price of risk for a risk-averse investor. An asset
commands a positive equity risk premium if and only if its return is positively first-degree
expectation dependent with consumption growth.? Intuitively in the FED representation of
the C-CAPM, an asset bears a positive risk premium when its expected return is lowered
as we observe consumption growth ¢ below a reference level g (Wright 1987).% Conversely,
an asset’s equity risk premium is negative if and only if its return is negatively first-degree
expectation dependent with consumption growth. In this case, the asset’s expected return
is revised up as consumption growth falls below a reference level, thus providing a digital
option hedge against a shortfall of § below g (Denuit et al. 2015).

We stress that what matters for the C-CAPM pricing is the covariance between the
marginal utility of consumption «'(¢) and the asset’s return R. However, we typically do not
have empirical access to v/(¢). Instead, ¢ is empirically accessible along with R. We show in
(3) that the FED between asset return and consumption growth (which are both empirically
accessible) determines the asset’s riskiness for flexible distributions and preferences. Because
FED is a stronger dependence measure than correlation, a positive (negative) covariance

between asset return and consumption growth is a necessary but not sufficient condition for



a risk-averse agent demanding a positive (negative) equity risk premium. The FED pricing
formula highlights the dependence of asset return with consumption growth rather than with

the marginal utility of consumption which is not readily observable from available data.

3. C-CAPM for a Risk-Averse and Prudent Representative Agent

Now, consider a representative agent that is not only risk-averse (v” < 0) but also prudent

(u” > 0), where u"”

denotes the third derivative of the utility function. The concept of
prudence and its relationship to precautionary savings (Kimball 1990) is a well-established
behavior in the risk literature (Gollier 2001, Keenan and Snow 2002). Gollier et al. (2013)
provide a careful review of analytical developments on prudence. All prudent agents dislike
any increase in downside risk in the sense of Menezes et al. (1980), as argued by Chiu

(2005) and Crainich and Eeckhoudt (2008). This section discusses expectation dependence

conditions for asset prices and equity premia when the agent is risk-averse and prudent.

3.1. Pricing with Second-Order Expectation Dependence

To characterize the impact of prudence in the expectation dependence representation of the

C-CAPM, we can integrate the right-hand term of (2) by parts. We get

- - g N
COVt[u/(Ctgt+1>> Rt+1] = CtU"(Ctg) COVt(Rt+1,§t+1) - / SED(Rt+1\9t+1)CfUW(Ctgt+1)d9t+17 (4)
g

where SED is the second-order expectation dependence between asset return and consump-

tion growth, a concept formally discussed in Li (2011). See Appendix A1l for the proof.®

Definition 3.1 If SED(#ly) = ['[EZ — E(3[j < t)|Fy(t)dt = [ FED(&|t)Fy(t)dt > 0 for

Y
Yy
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all y, then T is positive second-degree expectation dependent on y.

The pricing formula in (3) can then be restated as

EiRyyy — R! . ) :
ﬁ = E}OVt(R.t‘tlaf.]t:lZRRg(Ctg) MRSC@’QE
g R 1
+/ ?ED(Rt+1’gtHZRR?’(CtgtH)MRSCtgtH,ct gz_dgtﬂ, (5)
: t+1

~
SED risk

where RR3(ci41) = ¢, (¢i41)/u (cey1) defines a relative downside risk aversion index as
in Modica and Scarsini (2005).° The representation in (5) suggests that covy(Ryi1, je41) > 0
is only a necessary condition for all non-satiable, risk-averse and prudent agents to ask for
a positive risk premium. Using only the covariance of asset return and consumption growth
introduces a distortion in the pricing formula when the third derivative of the utility function
is different from zero—or when the utility function is not quadratic. The last term on the
right-hand side of (5) reflects how the SED risk affects the asset price through the intensity
of downside risk aversion (Hogan and Warren 1974, Bawa and Lindenberg 1977, Price et al.
1982). Appendix A3 presents the pricing equations in (3) and (5) in price form.

To further provide an intuitive link between SED and downside risk, we follow Denuit et

al. (2015) who establish that the k' order expectation dependence can be reexpressed as

1
(k—1)!

K"ED(R|g) = — cov((g — 9" R), (6)

where & > 2, ! denotes the factorial function, and (e), is equal to the positive part of
its argument. For k = 2, the equivalence in (6) clearly shows that SED(R|g) is minus

the covariance between the asset’s return R and the payoff of a put option written on



consumption growth §, protecting against its shortfall below a reference level (or strike
price) g. Thus, SED(R|g) is related to the second-order lower partial cross-moment of R
and g, and can be intuitively interpreted as a measure of downside risk computed below
a benchmark level of consumption growth g. As the benchmark level g grows to infinity,
SED(R|g — +o0) approaches cov(R, §). This equivalence is empirically appealing, as it
facilitates the computation of SED with actual data.

Thus, a positive integrated consumption SED in (5) is obtained when there are more
positive lower partial covariances between asset return and consumption growth, that is,
when stock market portfolio returns are more positively tied to consumption growth in the
left part of the joint distribution. A positive SED reinforces the effect of a positive covariance
between asset return and consumption growth to obtain a positive risk premium. In that
case, the stock market portfolio does not offer a hedge against the downside consumption risk,
and a prudent representative investor demands a higher premium for bearing that downside
risk. Note that for simplicity, we label the pricing expression in (5) as the SED C-CAPM
representation, even though this equation also involves a covariance term.

The expectation dependence-based pricing formulas in (3) and (5) can also be stated
in terms of absolute rather than relative risk index—see Appendix A4. However, while an
absolute risk index is theoretically useful to make some qualitative statements, it might
be challenging to assess with actual data. Specifically, assuming a constant absolute risk
aversion utility function is not empirically grounded, as it entails an increasing relative risk
aversion—absolute risk aversion times consumption—with a growing economy. An agent
with increasing relative risk aversion will invest less in the risky asset as he becomes richer,
which is quite nonintuitive with respect to the large empirical evidence suggesting otherwise.
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Using data on portfolio holdings of U.S. households, Bucciol and Miniaci (2011) document

that the rich tend to invest more of their relative wealth in stocks.

4. Comparison of Alternative Representations of the C-CAPM

In this section, we compare the standard (STD) formula of the C-CAPM in (1) with the first-
and the second-order expectation dependence representations of the pricing rule in (3) and
(5). To this end, we compute an n'* order Taylor expansion of the alternative representations
discussed above—see Appendix A5 for derivations. We stress that all three (STD, FED,
SED) representations of the C-CAPM are theoretically equivalent in the limit (n — 00). For
a given finite order Taylor approximation, we compare these alternative representations of
the C-CAPM analytically and empirically using simulations. This comparison is intended
to assess potential differences in the measurements of various risk quantities associated with

higher risk attitudes in the alternative formulations.

4.1. Analytical Approximation

Following Modica and Scarsini (2005), we define the k' order relative risk index as RRy(c) =

AN =1)Fu® /u' ) with u® denoting the k" derivative of the utility function and & > 2.

Note that for an investor equipped with a power utility function u(c) = 01:7_1, the (i +1)™"
order relative risk index is given by RR;1(c) = H;Zl(’y +j — 1), with ¢ > 1. Moreover, the
conditional expectation of the intertemporal marginal rate of substitution F,M RSz, ., =

[B(1 + R~ becomes E;g,.;.

It is worth stressing that the alternative representations of the C-CAPM and related
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Taylor approximations do not only hold for constant relative risk aversion preferences. While
the analytical formulas are stated in terms of relative risk aversion indexes, the pricing
expressions and Taylor approximations can be rewritten in terms of absolute risk aversion
indexes, as discussed in Appendix A4. In that case, the k' order absolute risk intensity is

measured by ARy (c) = (—1)*"'u® /i/, as in Crainich and Eeckhoudt (2008).7

4.1.1.  STD Representation

For the analytical assessment, we follow Dittmar (2002) and perform a Taylor expansion at
the order n of the standard representation of the C-CAPM in (1). The Taylor approximation

details are presented in Appendix A5. We have

ERi —RE 1
B+ R]) w(er)
( 1

covi (W (C1Ger1)s Regr),

i+1

RRix1(cr) covie((Gepr — 1), Rexa) + o(g"). (7)

In this representation, the first derivative of the utility function is approximated.

4.1.2. FED Representation

We now turn to the FED representation of the C-CAPM in (3) that features the second
derivative of the utility function. Here, we compute n'" order Taylor polynomials of u” (not

u’ as in the standard representation). This expansion, detailed in Appendix A5, yields

ERiq — R{

/(Ct9t+1)]
B(1+ R])

g
/ FED(RtH’QtH) gt+1(gt+l)[ Ct—~|dgi+1
g u'(ct)

el
-1

1 i+1
1

RRit1(cr) cov((Ger1 — 1), Reg) + o(g" ). (8)

12



We observe that, for the same expansion order n, the FED representation adds an extra

(n + 2)™ degree of risk % RRyp2(cr) cov((Gesr — 1)"FY, Rig).

4.1.8.  SED Representation
We also expand the SED representation of the C-CAPM in (5) at the order n using Taylor

series. By exploiting the equivalence in (6), we get

E.Ri41 — RY
B+ R])

- ~ u” () g ~ 2" (Crgiq1)
= cove(Get1, Reg1)(—c 7 (cr) )+/g SED(Ri41]g14+1)(—¢ W)dgt+l

n+1 (_1)i+1

= cove(Gir1, Rev1) [Z

. (Z — 1)' RRi+1(Ct)(g - 1)7;71]

, i ntl . yigo
+/g covi(—(ge+1 _§t+1)+’Rt+l)[;((ii)1)!

+o(g" ). (9)

RRi12(ct)(ge+1 — 1) 'dgisa

Appendix A5 contains step-by-step derivations. For the same order of approximation n,

the SED representation includes an additional effect of the (n + 3)" degree of risk aversion

(712:% RR,.13(c¢). Higher-order risk quantities are also measured differently in the SED rep-

resentation compared to the STD and FED approaches. Namely, risk quantities in the SED
representation (9) involve f; covi(—(gis1 — Gii1)+, Rir1)(geen — 1)idgyq, for i = 1,--- n.
This integrated " power weighted SED of asset return on consumption growth captures
downside risk patterns through the negative covariance between the asset’s return and the
payoff of a put option written on consumption growth, scaled by higher powers of consump-
tion growth. The empirical assessment below shows that, for a given order of approximation,

the SED representation outperforms the STD and FED representations of the C-CAPM.
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4.1.4. Illustrative example: third-order Taylor approximation

To provide a more intuitive illustration of the alternative representations, we present the
approximations of the pricing formulas using a third-order Taylor expansion. Following
Dittmar (2002), among others, we truncate the Taylor series expansion after the third order
to illustrate intuitively the role of higher-order risk preferences—beyond the standard risk
aversion—and related higher-order risk quantities in asset pricing.

By setting n = 3 for the approximated STD representation in (7), we obtain

M = RRa(cr) cove(Gesr, Risr) — 1RR?,(CD covi((Ger1 — 1)% Ret)
B+ RY) 2
1 5 ~
+6 RR4(Ct) COVt(<gt+1 - 1)3, Rt+1) + 0(93)7 (10)

which highlights, beyond the second-order risk aversion, the role of prudence (RR3) and
temperance (RR4) in the valuation of a risky asset. Eeckhoudt and Schlesinger (2006)
rely on behavioral characteristics of risk apportionment—preference for disaggregating the
harms—to provide intuitive definitions of these higher-order risk attitudes. In Eeckhoudt
and Schlesinger’s (2006) framework, harms represent detrimental changes to wealth. Using
simple lottery pairs, the authors show that a prudent investor with a given wealth, facing
two distinct harms (a sure loss and a zero-mean risk), prefers to apportion them by placing
one in each state. This echoes, Kimball’s (1990) interpretation of prudence as the propensity
to prepare and forearm oneself in the face of uncertainty or as the intensity of precautionary
saving motives. Similarly, a temperate investor with a given wealth, facing two distinct

harms (two independent zero-mean risks), prefers attaching one in each state rather than
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receiving both in one state. The quantities of risk related to prudence and temperance in the
standard representation of C-CAPM are captured by the coskewness (cov,((Gir1—1)%, Rig1))

and the cokurtosis (cov,((§er1—1)%, Riy1)) of the consumption growth with the asset’s return.

For n = 3, the approximate FED pricing relation in (8) writes

EiR; 1 — R/ N - 1 } .
Lft = RRQ(Ct) COVt(gt_H, Rt+1) - = RRg(Ct) COVt((Qt-H — 1)2, Rt-i—l)
B(l + Ry ) 2

1 ) 3
+6 RR4(ct) covi((Ges1 — 1)%, Res1)
1
— g5 RRs(ct) cove((geer — DY, Reyr) + o(g"). (11)
This shows the contribution of the fifth-order preference for risk apportionment (RRj),
also known as edginess or reactivity to multiple risks from precautionary motives (Lajeri-

Chaherli 2004). The associated risk quantity in the FED approach is measured by the hyper

coskewness (cov,((Gip1 — 1)*, Res1)) of the consumption growth and asset return.

When n = 3, the SED representation in (9) implies

E;Ry1 — R} - 5
N S RR2(Ct) COVy (gt+17 Rt+1)
B(1+ R{)
g 5 _
—RR3(ct) / covi(—(gesr1 — Gev1) s Rey1)dgeyr + (g — 1) cove(Girr1, Riq1)
/g
- ) ) X N )
+RR4(ct) / covi(—(ger1 — Gev1) 4y Rey1)(gep1 — 1)dgeq1 + 5(?7 — 1) covy(Ges1, Rit1)
g
1 1 .
—RRs(ct) 5 COVt( (g1 — Ges1)+> Reg1) (ges1 — 1)2dgeyr + 6( = 1)% covi(Get1, Rev1)
+ RRe () / covi(— (g1 — Ges1) - Reg1) (g1 — 1)3dgesr + o(g”), (12)
g9

which shows that the sixth-order risk attitude (RRg) is also relevant for the pricing of a risky

asset (Deck and Schlesinger 2014). In addition, we notice for the same order of approximation
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that risk quantities are measured differently in the SED representation as compared to the
STD and FED representations. Namely, risk quantities in the SED representation of the
pricing rule (12) involve f; covi(—(Ges1 — Gra1)4s Rev1)(gesr — 1)"dgesr. This integrated n'”
power weighted SED of asset return on consumption growth captures finer information about

downside risk patterns and helps improve the empirical performance of the C-CAPM.

4.2. Monte Carlo Experiments

We run various simulations to assess the empirical performance of the alternative represen-
tations (STD, FED, SED) of the C-CAPM. Specifically, we simulate the joint distribution

of consumption growth and return for a wide range of dependence structures.

4.2.1.  Modelling the Joint Distribution of Return and Consumption Growth

We start from

Riyw = E(R)+ GbR(Rt — B(R)) + /(1= Q%)U(R) ~:+1, (13)

gip1 = E(9) +¢3(3 — E(9) + /(1 = 62)0(9)3711

where R* and §* are demeaned and standardized return and consumption growth variables,
referred to as standardized innovations. To form the joint distribution of asset return and
consumption growth we use a copula (Sklar 1959) to assemble the univariate marginal dis-

tributions. The joint density is cast as

frg(B9) = [ (R) x f3(9) x c(Fr(R), F5(g)), (14)

16



where c is the density of a copula C characterizing the dependence structure of the bi-

92C(v1,v2)

ot where

variate distribution. The density of the copula is computed as c(vq,ve) =
(v1,v9) € [0,1]%. Moreover, fz(R) and f;(g) denote the marginal densities of return and

consumption growth, while Fjz(R) and Fj(g) are the corresponding marginal cumulative

distribution functions.

4.2.2.  Modelling the Marginal Distributions

We model the marginal distributions of return and consumption growth, by fitting observed
U.S. quarterly series (1947.2-2011.3). A complete description of the data set is provided in
Section 5. We employ Hansen’s (1994) skew t distribution, a generalization of the Student’s
t law that has been shown to deliver a good fit for marginal distributions in several financial
applications (Jondeau and Rockinger 2003, Patton 2004). Beyond location and scale, the
skew t distribution allows for a parsimonious and flexible specification of asymmetry as
well as fat-tailedness.® The skew t distribution is characterized by a set of two parameters.
The first (degree of freedoom) parameter 2 < v < oo controls the thickness of the tails,
while the second parameter —1 < A < 1 drives the level of asymmetry in the distribution.
For A = 0, this distribution collapses to the (symmetric) Student’s t. With other specific
parameter values, well-known nested distributions such as skew Gaussian (v — oo) and
standard Gaussian (v — 0o, A = 0) are obtained. We refer the reader to Hansen (1994) for
further details on the skew t distribution.

Table 1 reports the summary statistics for return and consumption growth series which
display negative skweness and excess kurtosis. This observation is further supported by the

(maximum likelihood) parameter estimates of a skew t distribution fitted on these series, as
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displayed in the last four columns of Table 1.

The top panel in Figure 1 shows that the skew t density offers a good fit to the empirical
histogram. The bottom panel reveals that the parametric specification of the marginal
distributions fits well the tails of each series. Next, we turn to modeling the dependence

structure between return and consumption growth series.

4.2.8.  Modeling the Dependence Structure with the Symmetrized Joe-Clayton Copula

To provide a rich description of the dependence structure between return and consumption
growth, we consider the quantile dependence that measures the strength of association in
the joint lower and upper tails of any bivariate distribution. A quantile dependence at a

level ¢ € (0,1) is defined as

7o(q) = P (Fx (R) < q|Fy (9) < q) = <22, if0<q<05
7(q) = ! (15)
() =P (F (R) > q|F; (g) > q) = =250 if 05 < g < 1.
Thus, instead of summarizing the association between two covariates by a single number
such as the linear correlation, the quantile dependence offers a finer information on the
dependence structure of the joint distribution. This measure can reveal potential dependence
asymmetries as we move from the middle of the distribution (¢ = 0.5) towards the left tail
(g < 0.5) or the right tail (¢ > 0.5).°
We choose the symmetrized Joe-Clayton (SJC) copula (Cg ¢) discussed in Patton (2006)

to model the dependence between return and consumption growth series.! This copula

allows to specify a wide range of dependence patterns in the joint distribution. Following
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Patton (2006), we parameterize the SJC copula using the coefficient of upper tail dependence

v = lim 7y(q), (16)
q—1

and lower tail dependence

Tp = }]i_ngD(Q)> (17)

where (77, 7p) € (0,1)2. Thus, tail dependence parameters of the SJC copula are simply
quantile dependence measures computed in the limits (both ends) of the support of the
bivariate distribution. Intuitively, 7p > 7y (resp. 7y > 7p) induces a higher probability
of the two covariates taking extreme values in the lower (resp. upper) than in the upper
(resp. lower) quadrant of their joint distribution, thus reflecting downside risk (resp. upside
potential).!* The estimated tail parameter values for the SJC copula fitted to U.S. quarterly
return and consumption growth series (1947.2-2011.3) are 7y = 5.150 x 107° and 7p = 0.173
with the corresponding standard errors SE(7y) = 1.264x 1072 and SE(7p) = 0.073. Clearly,
the estimated left tail dependence is stronger than the right tail dependence.

Figure 2 illustrates the joint distribution of return and consumption growth. The top
left panel shows the scatter plot of standardized innovations in return and consumption
growth, with a linear correlation of 0.265. The top right panel in Figure 2 exhibits the
isoprobability contour of the fitted SJC copula with skew t marginals estimated in Table 1.
We observe that the copula density contours are more tightly clustered around the lower left
than the upper right quadrant. Consistent with the tail parameter estimates, this empirical

observation suggests that the strength of dependence conditional on downside movements
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or “bad” times — driven by a contraction of consumption — is higher than the strength of
dependence conditional on upside movements or “good” times — driven by a expansion of
consumption. Such an asymmetric dependence suggests that the U.S. market portfolio is

exposed to downside consumption risk.!?

4.2.4.  Simulation scheme

Assume that the investor’s preference is characterized by a power utility function, and
consider that the dependence of the random vector (R, g) is fully described by a copula
Cssc(Fi(R),F;(9);7v,7p). For a given dependence structure (fixed values of 7y and 7p),

we implement the following algorithm to draw N, pairs of return and consumption growth:
Step 1 Generate (zg-, r4+)J using the copula quantile function Cgj,(Fy (R*), F; (9*) ; 7, 7p);

Step 2 Use the univariate cumulative distribution function ®¢ associated with the copula to

evaluate vp- = @cy,. (xr+) and vy = Pcy, . (24+);

Step 3 Compute R* = Fgl (vg+) and g* = Fg_1 (vg+) using the quantile functions of the

marginal distributions Fz and Fj; with parameters estimated in Table 1;

Step 4 Build (R, g)f from simulated zero mean standardized pairs (R*, g*)J using (13), where

T = 250 is set close to the sample size of observed quarterly series;
Step 5 Repeat steps 1 to 4 N, = 1000 times;

Step 6 For a given utility function u and a fixed level of risk aversion, calculate the ex-

pected excess return E(eR) = —cov(u/(cg), R)/E(u'(cg)) in the population (of size
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T Ngin,) from which samples are drawn; with the power utility function, E(eR) =

—cov(gsm R)/E (g~ ™), where 7, is a chosen value of relative risk aversion;

Step 7 For each simulation in Ng;,, assume (as in Campbell and Viceira 2002) that the excess
return follows an AR(1) process, and construct a time series eRy 11 = E(eR)+¢.r(e R —
E(eR))++/(1 — ¢*z)o(eR)ns1, where E(eR) is calculated in Step 6, and 7,41 has a zero
mean standardized skew t (v = 8.149, A = —0.194) distribution as R*; the remaining

parameters o(eR) = 0.1, and ¢.gr = 0.1 are set close to their empirical values;

Step 8 Calibrate the relative risk aversion from the simulated data; solve for the relative risk

aversion parameter by computing a numerical root of the nonlinear pricing functions

in the STD, FED, and SED formulas of the C-CAPM in (10-12) with power utility;'?

4.2.5.  Simulation results with different tail dependence parameters

Table 2 contains the simulation results assuming relative risk aversion values of v, = 5
(Panels A, B, C), and v, = 10 (Panels D, E, F). Simulations are performed for various
dependence structures between asset return and consumption growth series: (1) stronger left
tail dependence (7y < 7p), (2) stronger right tail dependence (7y > 7p), and (3) symmetric
tail dependence (77 = 7p). In each panel, tail dependence parameters are chosen to imply
the same level of linear correlation for ease of comparison. We consider different simulation
scenarios featuring high (Panels A, D), medium (Panels B, E), and low (Panels C, F) linear
correlation values between the series. For the simulation simL1 in Panels C and F, tail
dependence parameters are set close to the fitted values in the data.

For each set of simulations, we compute the bias = N} S sim (yealibrated _ ~ Y and
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the root-mean-squared error denoted by rmse = \/ N L S Noim (yeatibrated _ o N2 of the
calibrated relative risk aversion coefficients from the alternative (STD, FED, SED) repre-
sentations of the pricing relation. These are shown in columns 5-10 of Table 2. Looking at
the last four columns in Table 2, our simulations reveal that the SED representation delivers
more accurate relative risk aversion values across the board and markedly improves upon
the FED and the STD representations. For a relative risk aversion ~;,, = 10, we observe on
average across our simulations about 50% and 70% reduction in bias and rmse for the SED
approach relative to the STD representation; whereas the improvement in bias and rmse
for the FED approach is about 42% and 60%, respectively. When the relative risk aver-
sion value is fixed at v, = 5, the improvement in accuracy for the SED representation is
larger, with 70% and 80% reduction in bias and rmse compared to the STD representation.
Note that yealitrated for the SED representation is upward-biased—though the SED bias is
lower than FED and STD biases. This upward bias is in line with the findings in Kocher-
lakota (1996) and the generalized method of moments estimates of the relative risk aversion
in Martin (2013)’s simulated disaster C-CAPM with higher order cumulants. Focusing on
the tail dependence, the simulation results also show that relative risk aversion values for
the SED representation tend to be more accurate when the left tail dependence is stronger

(simH1, simM1, SimL1) than for symmetric (simH3, simM3, SimL3) and stronger right tail

dependence structures (simH2, simM2, SimL2).*

4.2.6.  Simulation results with different autocorrelation, skewness, and kurtosis parameters

To further assess the performance of the SED representation, we turn to Table 3 which in-

vestigates the effects of autocorrelation, skewness, and kurtosis in the distributions of asset
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return and consumption growth on the calibrated relative risk aversion. This simulation
exercise is carried out for a relative risk aversion s, = 5. In the simulation simP1, the
chosen parameters imply the following vectors of skewness (sg, s,) = (—0.6, —0.3) and kur-
tosis (kg, k,) = (5.4,7.3).1% simP2 reports the simulations when there is no autocorrelation,
(Or, ¢g) = (0,0). Setting the autocorrelation to zero in simP2 entails slightly more negative
skewness (sg, sy) = (—0.6,—0.5) and higher kurtosis (kg, k,) = (5.6,12.1) than in simP1 as
expected. We see that the accuracy of the SED representation improves compared to the
standard approach when the return and consumption growth series become more negatively
skewed and fat-tailed. The bias and rmse reduction for the SED representation increases
from 72% and 82% in simP1 to 81% and 87% in simP2. When we assume zero skewness
(sgr,s4) = (0,0) and positive excess kurtosis (kg, k,) = (5.0,7.0) in simP3, the SED approach
improves moderately over the standard representation, as the bias and rmse decline by 10%
and 15%. simP4 investigates the case of weakly negative skewness (sg,s,;) = (—0.3, —0.1)
and almost no excess kurtosis (kg,k,) = (3.1,3.0). In simP4, the improvement in accu-
racy for the SED representation is also relatively modest, with 18% and 26% reduction
in bias and rmse compared to the STD representation. Finally, simP5 assumes no auto-
correlation (¢g, ¢,) = (0,0), no skewness (sg,s,) = (0,0), and almost no excess kurtosis
(kr,kg) = (3.0,3.1). We see that the SED approach has a similar precision as the FED
and STD representations when the return and consumption growth distributions are nearly
Gaussian. Overall, the accuracy improvement in the simulation exercise supports the SED

representation of the pricing equation, especially in the presence of downside risk.

23



5. Empirical Analysis for International Markets

For our empirical analysis, we use the same data set as Campbell (2003) for comparability
and implement the same numerical estimation procedure as in the simulation exercise. The
data can be downloaded from the author’s website.'® This international data set combines
Morgan Stanley Capital International stock market data with macroeconomic data on con-
sumption, interest rates, and the price index from the International Financial Statistics of
the International Monetary Fund. We refer the reader to Campbell (2003) for a detailed
description of the data. We construct quarterly series of stock market returns, risk-free
rates, and per capita consumption growth spanning the early 1970s through the late 1990s
for 11 developed countries: Australia, Canada, France, Germany, Italy, Japan, the Nether-
lands, Sweden, Switzerland, the U.K., and the U.S.. Annual series are available for Sweden
(1920-1997), the U.K. (1919-1997) and the U.S. (1891-1997). We also use longer quarterly

(1947.2-2019.3) and annual (1891-2018) U.S. data which yield consistent empirical findings.

5.1. Equity Risk Premium

In the finance literature, a large discrepancy between the C-CAPM prediction and the empir-

¢

ical reality is often referred to as a “puzzle”. The well-documented equity premium puzzle
implies that the observed equity premium can be matched only by assuming a very high
coefficient of risk aversion (Mehra and Prescott 1985). Using our international data set,
we calibrate the relative risk aversion index for the alternative (STD, FED, SED) represen-

tations of the C-CAPM. Our empirical investigation hinges on the computation of sample

statistics for return and consumption growth. For each market in our international data
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set, we present in Table 4 the annualized mean, annualized standard deviation, skewness,
kurtosis, and first-order autocorrelation for the net return on the stock index (R.), the net
return on the risk-free asset (R}), and the per capita consumption growth (g).”

The third column in Table 5 shows the equity risk premium proxied by the annual-
ized average excess return (E(eR.)). The fourth column gives the covariance (cov (g, R.))
between return and consumption growth. The fifth column presents the integrated SED
between return and consumption growth ([ ; cov (—(€ — g)+, Re) d€), a measure of downside
risk quantity discussed in Sections 3 and 4. The sixth column contains the relative risk
aversion calibrated values assuming power utility and joint normal distribution for log re-
turn and log consumption growth, as per equation (16) in Campbell (2003). The last three
columns report the calibrated relative risk aversion (y@irated) for the STD, FED, and SED
representations of the C-CAPM in (10-12). For nearly all countries, the computed relative
risk aversion values are positive. As argued by Campbell (2003), negative distortions in the
calibrated relative risk aversion values for France, Italy, and Switzerland may stem from
short-term measurement errors in the corresponding consumption series.

The relative risk aversion values from Campbell’s (2003) approach in column 6 of Table
5 are much larger than the ones calibrated from the expectation dependence-based repre-
sentations. This is expected because the joint normal distribution assumption in Campbell
(2003) implies that the pricing equation only depends on the first two moments and co-
moment. Focusing on columns 7-9 in Table 5, we see a sharp reduction in the calibrated
relative risk aversion values when the C-CAPM representation includes the consumption
second-degree expectation dependence effect. For quarterly data, the relative risk aversion
coefficients implied by the SED representation are roughly 2 to 10 (5 to 95, respectively)
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times smaller than their FED-implied (STD-implied, respectively) counterparts. For annual

calibrated yanges from 2 to 6 for the SED representation relative

data, the reduction ratio for
to the FED representation; and 4 to 10 for the SED representation relative to the STD
representation. Specifically for quarterly U.S. series, the calibrated risk aversion coefficients
from the SED-based formulation of the pricing rule are 19.9 (1947.2-1998.3), 19.3 (1970.1-
1998.3), and 16.5 (1947.2-2019.3). The corresponding relative risk aversion values computed
from annual data for the U.S. (2.7 for 1891-1997, and 2.8 for 1891-2018) are in line with
the numbers often proposed in the asset pricing theory. This also holds for the U.K. (3.6 for
1919-1997) and Sweden (14.6 for 1920-1997).

In a nutshell, the SED representation improves the C-CAPM calibration and delivers

reasonable relative risk aversion coefficients. Beyond its theoretical appeal, the concept of

expectation dependence can help refine the assessment of risk and bridge the gap between

real-world data and the C-CAPM prediction.

5.2. Variance Risk Premium

The variance risk premium (VRP) reflects the premium accrued to bearing the uncertainty
surrounding future variance. For a given horizon 7, the VRP is commonly defined as the
spread between the realized variance (f/”) expected under the risk-neutral probability mea-
sure (EX(V,,) = Vfi) and its physical counterpart (EF(V,,) = V;E). The stochastic discount
factor maps the physical probability measure (P) to the risk-neutral probability measure (Q),

by assigning more weight to “bad” states of the economy characterized by high marginal util-
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ity of consumption. Formally,

VRP,, =V - V.

t,T

(18)

Bollerslev et al. (2009), and Feunou et al. (2018), among others, build successful models to
explain the VRP dynamics. At maturity and under no arbitrage, the spread in (18) equals
the terminal payoff to the short leg of a variance swap contract, as discussed in Carr and

Wu (2009).'® The valuation formula of this variance swap contract implies

covi[u'(Cryr), VHT]
B/ (Cryr)

VRP,, = (19)

Given that the risk-neutral expectation of a risky asset return is equal to the risk-free rate
(E2(R;,) = R!), the variance risk premium formula in (19) appears as the opposite of the
equity risk premium relation in (1), where the return is replaced with the realized variance.

Thus, the FED representation of the variance risk premium formula is

VRP,, g N 1
I i /g FED (Visr|ger) Fpopr (9e4r) RRo(CeGitr) MRSeig,, e Edgw, (20)

and the SED representation is

VRP; . ~ 5 3 1
——— = —cov¢(Vier, Grir) RR2(c:g) MRS, 5., —
ﬁ(l —|—R{) t( t+75 g+ ) 2( tg) g, 7
7 . 1
_/ SED(W+T|9t+7) RR3(Ctgt+T) MRSCtgHT,Ct gg_d9t+r- (21)
g t+1

From an empirical perspective, constructing VRP series from actual data requires both
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physical and risk-neutral forecasts of the realized variance. The physical forecast of the
realized variance Vﬁ can be obtained from high frequency stock data as in Andersen et al.
(2003), using for instance Corsi’s (2009) projections. Following Bakshi and Madan (2000),
Bakshi et al. (2003), and Carr et al. (2012), the risk-neutral expectation of the realized
variance Vfi can be extracted from a panel of European options written on the stock.'
Further details on the construction of these series are presented in Appendix A7.

Because asset price series are monthly, we sample these variables at quarter ends to align
them with quarterly consumption series. For the U.S. market, the resulting VRP series
spans 1996.3 to 2015.3.2° To match the most recent quarter in Campbell’s (2003) study, we
also consider a shorter period ending in 2011.3. Using the alternative representations of the
pricing formula (19), (20), and (21) in turn, we calibrate the relative risk aversion coefficient
to match the observed VRP in the U.S. market. Table 6 reports summary statistics for the
relevant series along with the calibration results. We observe a negative correlation between
consumption growth and realized variance, which is in line with the empirical evidence
documented by Bollerslev et al. (2009). Looking at the calibrated relative risk aversion, we
notice that the SED representation of the consumption-based variance risk pricing formula

delivers a realistic value below 10 in the full sample as well as in the shorter sample.

6. Conclusion

We rely on the concept of expectation dependence to derive an alternative representation
of the C-CAPM. The proposed alternative formulation of the pricing formula underscores

the importance of refining the assessment of the dependence between consumption and asset
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return. We provide theoretical and empirical arguments to support general measures of risk
dependence in the valuation of financial assets. Using both simulated and observed data, we
show that accounting for higher degrees of risk dependence and higher orders of risk attitude

is key to understanding the variations in asset returns and corresponding premia.

Notes

"When (5t+1715ut+1) is jointly normally distributed, Stein’s (1973) lemma can be applied to compute
cov[u/ (Gr41), Riga] = covi(@rgr, Rea) Be(u” (@41)) = cove(Gesr, Rea) By (e (G41)).-

ZPellerey and Semeraro (2005), and Dachraoui and Dionne (2007) explore portfolio selection problems
using quadrant dependence, a concept that is stronger than expectation dependence.

3The necessary and sufficient conditions are proven in Appendix A2.

4Here, time subscripts are dropped to ease notation without loss of generality.

STheoretically, when the upper bound of the consumption growth is infinite, u”(c;g — +oc) in the first
term of (4) converges to a finite quantity because u” is an up-bounded (v’ < 0) and monotone increasing
function (u” > 0).

6A relative prudence index —cy1u”(ciy1)/u”(cey1) is consistent with Kimball’s (1990) definition.

7 Alternatively, one can use higher order generalizations of the Arrow-Pratt absolute risk aversion measure,
—u®) k=)

8 Alternative specifications of the marginal distributions of financial series include Harvey and Siddique’s
(1999) non-central Student’s t.

9For negatively dependent covariates, C(q,1 — ¢) and C (1 — q,q) are used in the definition of quantile
dependence.

0The Joe-Clayton copula is labelled as the family BB7 in Joe (1997).

1 The upper (7¢) and lower (7p) tail dependence measures are identical for the copula of an elliptically
symmetric distribution. For instance, 7y = 7p > 0 for a Student’s t copula. By contrast, 7y = 7p = 0 for

a Gaussian copula, implying that the variables are independent in the extreme tails of the joint distribution
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(Embrechts, McNeil, and Straumann 2002).

12 Using exceedance correlation measures, Longin and Solnik 2001, Ang and Chen 2002 document that
equity returns are more dependent in bear markets than in bull markets.

13Following Campbell (2003), we use a numerical calibration to compute the implied relative risk aversion
values, although a generalized method of moments estimation could also be used as in Martin (2013). The
computation of integrals are presented at the end of Appendix A5.

14 As expected, the stronger the correlation p, the more accurate the calibrated relative risk aversion value.

15The analytical expressions for the skewness and kurtosis of the Hansen’s (1994) skew t distribution are
given in Appendix A6.

http://scholar.harvard.edu/campbell /data.

1"The average net returns in Table 4 are slightly higher than the average log returns in Campbell’s (2003)
study due to Jensen’s inequality.

18The terminal profit and loss from a long variance swap contract that is held to maturity is given by
Vil - V2.

19 We apply the same filters as in Chang et al. (2013). To get a dense set of observations, option prices
are mapped into Black and Scholes’ (1973) implied volatilities that then are interpolated.

20We use OptionMetrics S&P 500 index option data from September 03, 1996 to August 31, 2015 to

construct the variance risk premium series.
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Table 1 Descriptive Statistics and skew t marginal distribution parameter esti-
mates (U.S. 1947.2-2019.3)

Descriptive Statistics Skew t Parameter Estimates
Mean Std. Dev. Skewness Kurtosis Autocorr. v  SE(v) A SE(N)

R 0.021 0.077 -0.584 4.030 0.072 6.824 2.363 -0.179 0.085
g 1.005 0.005 -0.466 4.385 0.314 4.715 0.956 -0.110 0.074

Notes: This table presents the nonannualized quarterly descriptive statistics for the return (R) and con-
sumption growth series (g). The last columns present parameter estimates and standard errors (SE) from
skew t models for marginal distributions of standardized innovations in return (R* = (R— E(R))/o(R)) and
consumption growth (¢* = (g — E(g))/co(g)).
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Table 2 Simulations with Different Dependence Structures

Dependence structure for simulation ~ycalibrated Reduction
Tail Corr STD FED SED 1-FED/STD 1-SED/STD
TU ™ P bias rmse bias rmse bias rmse bias rmse  bias rmse

Relative risk aversion vg;m = 5

Panel A: High correlation

simH1 0.20 0.75 0.75 0.67 1.11 0.30 0.35 0.16 0.19 0.56 0.69 0.76 0.83
simH2 0.75 0.20 0.75 0.66 1.06 046 054 0.25 0.29 0.31 049 0.63 0.72
simH3 0.55 0.55 0.75 0.64 1.07 037 043 0.22 0.27 0.43 0.60 0.65 0.75
Panel B: Medium correlation

simM1 0.20 0.45 0.50 0.75 1.38 0.33 0.39 0.16 0.21 0.57 0.72 0.78 0.85
simM?2 0.45 0.20 0.50 0.92 1.67 061 074 032 041 0.34 056 0.65 0.75
simM3 0.30 0.30 0.50 0.74 1.35 040 049 0.23 031 0.45 0.64 0.68 0.77
Panel C: Low correlation

simL1l 5.15 x 1073 0.20 0.25 1.00 2.34 054 0.79 0.24 035 046 0.66 0.76 0.85
simL2 0.20 5.15 x 107° 0.25 1.02 289 092 1.66 0.29 044 0.10 043 0.71 0.85
simL3 0.10 0.10 0.25 0.79 2.12 0.61 1.24 0.26 0.38 0.22 0.41 0.68 0.82

Relative risk aversion v, = 10
Panel D: High correlation

simH1 0.20 0.75 0.75 1.39 234 059 0.70 0.34 037 058 0.70 0.76 0.84
simH2 0.75 0.20 0.75 1.96 3.12 0.89 1.07 145 1.54 054 0.66 0.26 0.51
simH3 0.55 0.55 0.75 1.29 221 0.73 0.88 0.71 0.77 043 0.60 0.45 0.65
Panel E: Medium correlation

simM1 0.20 0.45 0.50 1.61 292 0.65 0.79 040 046 0.60 0.73 075 0.84
simM?2 0.45 0.20 0.50 1.85 3.38 1.24 148 153 1.70 0.33 0.56 0.17 0.50
simM3 0.30 0.30 0.50 1.51 279 0.82 1.00 0.83 093 045 0.64 045 0.67
Panel F: Low correlation

simL1 5.15 x 107° 0.20 0.25 1.92 4.07 099 1.37 053 0.68 048 0.66 0.72 0.83
simL2 0.20 5.15 x 107° 0.25 2.09 5.02 1.77 266 0.77 1.11 0.15 047 0.63 0.78
simL3 0.10 0.10 0.25 1.55 3.37 1.16 1.59 0.87 1.06 0.25 0.53 044 0.68

Notes: This table presents the results for simulated return and consumption growth series. We conduct two
sets of simulations assuming relative risk aversion values of s, = 5 (Panels A, B, C) and 74, = 10 (Panels
D, E, F). The upper and lower tail dependence measures are 7y and 7p, and p is the corresponding coefficient
of linear correlation (Corr) as in Patton (2013). Larger values of 7y (resp. 7p) induce a stronger upper
(resp. lower) tail dependence. We consider various dependence structures for the simulations. Specifically,
simulations are performed assuming (1) a stronger left tail dependence (ty < 7p), (2) a stronger right tail
dependence (ty > 7p), and (3) a symmetric tail dependence (7 = 7p). For comparability, tail dependence
parameters in each panel are chosen to imply the same level of linear correlation. Tail dependence parameter
values in Panels A and D (resp. B and E, and C and F) imply a high (resp. medium, and low) linear
correlation between the series. Note that tail dependence parameters for the simulation simL1 in Panels C
and F are set close to the estimated values in the data. We use skew t distributions estimated in Table 1 for
the marginals. Equity risk premium series are generated from joint asset return and consumption growth
simulated series using a fixed value of relative risk aversion <s;,. For each simulated series of T' = 250
observations, we perform Ng;,, = 1000 replications. Simulated series (equity risk premium, asset return,
and consumption growth) are then used to calibrate the relative risk aversion level using the standard
(STD), the first-order expectation dependence (FED), and the second-order expectation dependence (SED)
representations in (10), (11), and (12). We report the bias = N_,! f\gm (ygatibrated _ o ) and the

stm

o -1 Nsim (. calibrated 2 1
root-mean-squared error denoted by rmse = \/ Ny i (s — Ysim)? as performance metrics for

the different representations. The last columns show the reduction in bias and rmse of FED and SED
representations relative to the standard representation.
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Table 3 Simulations with Different Autocorrelation, Skewness, and Kurtosis
Parameters

Distribution parameters rycalibrated Reduction
Autocorr  Skewness Kurtosis STD FED SED 1-FED/STD 1-SED/STD
(PR, Pg) (AR, Ag) (vr,vg)  bias rmse bias rmse bias rmse bias rmse  bias rmse

Relative risk aversion g, = 5

simP1 (0.2,0.6) (-0.2,—0.1) (6.8,4.7) 1.79 4.60 0.89 1.50 0.51 0.83 0.50 0.67 0.72 0.82

simP2 (0.0,0.0) (-0.2,-0.1) (6.8,4.7) 1.79 3.89 0.74 1.01 0.33 0.50 059 0.74 0.81 0.87

simP3 (0.2, 0.6) (0.0,0.0) (6.8,4.7) 191 892 1.83 808 1.72 761 0.04 009 010 0.15
( )
( )

simP4 (0.2,0.6) (—0.2,—0.1) (150,100) 1.10 4.20 0.98 3.52 0.90 3.12 0.11 0.16 0.18 0.26
simP5 (0.0,0.0 (0.0,0.0) (150,100) 1.20 2.97 1.25 3.05 1.24 292 -0.05 -0.03 -0.03 0.02

Notes: We use skew t parameters estimated in Table 1 to simulate the distributions of return and consumption
growth, as in (13). The joint distribution dependence is built using SJC copula parameters set to their

empirical estimates 7y = 5.15 x 107°%,7p = 0.20, implying p = 0.25. Equity risk premium series are
generated from joint asset return and consumption growth simulated series using a fixed value of relative
risk aversion 74, = 5. For each simulated series of T' = 250 observations, we perform Ng;,, = 1000

replications. In simP1, the skewness and kurtosis parameters are set to match their empirical estimates.
The chosen parameter values (¢r, ¢4) = (0.2,0.6), (A, Ag) = (—0.2,—0.1) and (vgr,v,) = (6.8,4.7) imply
the following skewness (sg, sq) = (—0.6, —0.3) and kurtosis (kg,ky) = (5.4,7.3). See Appendix A6 for the
skewness and kurtosis formulas of the Hansen’s (1994) skew t distribution. simP2 reports the simulations
when there is no autocorrelation, (¢r,¢q) = (0,0). The implied skewness (sgr,s;) = (—0.6,—0.5) and
kurtosis (kg,ky) = (5.6,12.1) in simP2 are slightly more pronounced than in simP1 because the positive
empirical autocorrelations are weak. simP2 presents the simulations assuming zero skewness. In simP3, the
implied skewness and kurtosis are (s, sq) = (0,0) and (kgr, kg) = (5.0,7.0). simP4 investigates the case with
almost no excess kurtosis, that is when we set high values for the parameters (vg,v,) = (150, 100), implying
(sr,sg) = (—=0.3,—0.1) and (kg, ky) = (3.1,3.0). Note that the kurtosis gets closer to 3, as v — oco. simP5
assumes no autocorrelation (¢g, ¢y) = (0,0), no skewness (sg,sy) = (0,0), and almost no excess kurtosis
(kr,kg) = (3.0,3.1). The simulated series (equity risk premium, asset return, and consumption growth)
are used to calibrate the relative risk aversion level using the standard (STD), the first-order expectation
dependence (FED), and the second-order expectation dependence (SED) representations in (10), (11), and
(12). We report the bias = N} Zf\il’“ (rygatibrated _ ) and the root-mean-squared error denoted by

sim

rmse = \/ N;.}n Ziil (ygatibrated _ ~ . )2 as performance metrics for the different representations. The
last columns show the reduction in bias and rmse of FED and SED representations relative to the standard
representation.
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Figure 1 Marginal distributions (U.S. 1947.2-2019.3)
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The top panel shows the histograms of the standardized innovations in return and consumption growth along with the corre-
sponding fitted skew t densities. The bottom panel presents the QQ plots.
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Figure 2 Joint distribution (U.S. 1947.2-2019.3)
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The top left panel shows the scatter plot of the standardized innovations in return and consumption growth. The top right
panel exhibits the fitted symmetrized Joe-Clayton copula with skew t marginal distributions estimated in Table 1. The bottom
panel presents the tail dependence estimates along with the difference between upper and lower tail dependence estimates. The
dotted lines represents the 90% confidence intervals.
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A. Appendix

A1l. Derivation of Equations (2) and (4)

We start with the proof of (2). From Theorem 1 in Cuadras (2002), we have

covt 1), Resal (22)

+<>o
/ F(eesr, Resr) = Feppy (corn) Fp,,, (Rern)]u” (G )d Ry dega

/ {/ Rt+1 Rt+1|ct+1 < Ct—',-l) FRtH(RtH)]thH Ct+l(ct+1) (Ct+1)dCt+1

From Lemma 1 in Tesfatsion (1976), we can write

/+ [Fay (Resaléen < con) = Fr,,, (Rep)dRipr = ERpyy — E(Ria |G < ciga). (23)
By definition, the random future consumption ¢;; equals ¢;gs11, Where g; 1 denotes the
consumption growth and ¢; > 0 is the current consumption. Similarly, for a given realization
of future consumption, we have ¢;11 = ¢;g411. Because ¢ > 0, ¢11 < 41 18 equivalent
to Git1 < gi+1. Thus, the marginal distribution of consumption Fg,,, (cip1) = Prob(éq <
Cip1) = Prob(giy1 < gi41) = Fy,, (g141). Substituting (23) in (22), we get (2) from Theorem
3.1 in Wright (1987):

covi[u' (i), Reyr) = confu/(Gu41), Repa] (24)
+00 - N
[ERi1 — E(Ri|éa < cn)[Fo (Cp)u” (e )der

“+o0o
[ERiy1 — E(Ris1|Girr < 9e11)] Foy (gr1)u” (Cegis) (cedgesr)
g

FED(RtH |gt+1)ctu//(ctgt+1>th+l (gt1)dgis1-

I
e~ T
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Next, we derive (4). From (24) have the following equivalence:

cove[u' (cifis1), Ripr] = / FED(Ry41|ge41)cet” (cegi1) Fg,y (9r41)dges1, (25)
g
+oo _ 5
= / e (ctger1)[ERi11 — E(Rixa|Ge1 < g1 F gy (9e11)dgesa

+o0 gt+1 5 5
= / et (cegrv1)d (/ [ERi11 — E(Ri1|ge1 < 5)]th+1(5)d3) ;

— 00 — 00

gt+4+1 - - _
—T. / [ERps1 — E(Rem|dess < 9)Fp,,(5)ds|?
; g

Following Li (2011), we apply integration by parts to the right-hand side term in (25). We

obtain

~ g -
covi[u'(cigey1), Rey1] = CtUN(CtQ)/ [ERty1 — E(Riy1|ge41 < 8)|F5,., (s)ds
g

g [9t+1 B N
—/ / [ERi11 — E(Rig1|Gesr < 8)|Fy,,, (s)dsciu (cegit1)dges,
9 Jg

- g N
= Ctu//(ctg)COVt(Rt+1agt+1)_/ SED(Ry41|ge41)ciu (ceges1)dgeta .
g

A2. Proof of E;R;,1 — Rl >0 <= FED(Ri1|gi+1) > 0

Note that the risk premium E;R,.1 — R! and (E,R;4; — R])/B(1 + R!) have the same sign
because $(1+R}) > 0. Thus, the sufficient condition B, R, —R! > 0 <= FED(Ry41|g141) > 0
is directly obtained from (3).

We prove the necessary condition Eth+1 — Rf >0 = FED(ﬁt+1|gt+1) > (0 by contra-
diction. Assume, for sake of contradiction, that FED(R;y1|gi1) < 0 for ¢¥, ;. Given that
¢; > 0, this assumption is equivalent to FED(Rt+1|Ct+1) < 0 for ¢}, where ¢4 = ;9141 and

&)1 = cig7.,. Because of the continuity of the first-order expectation dependence, we have
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FED(R;41|c?,,) < 0 in an interval [a,b]. We choose the utility function

¢ c<a

ac—e”
uc)=¢ ac—e < a<c<b

ac—e " ¢>0b,

where v > 0. Then

o c<a
w()=4¢ at+e a<ec<b
«Q c>b
and
0 c<a
ﬂ”(c) = —e ¢ a<c<b
0 c > b.
Therefore,
Et-ét—i—l — R{ b ~ efct!]t-ﬁ—l
m =/ FED(Ret1g641) F (9e41) 7(cr) (cedgy1)
b ~ e Ct+1
— /aFED(Rt+1|gt+1>F§t+l(gt+1)—a/(ct)dCt+1
< 0.

This is a contradiction.
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A3. C-CAPM in Price Form

Alternatively, the C-CAPM pricing rule in (1) can be cast in price form

_ BTy covt[u’(étﬂ),:itH]
1+ R/ u'(cy)

D , (30)
where the asset’s price p; is determined by the dependence between the marginal utility of
consumption u'(¢;;1) and the asset’s payoff #;.;. By exploiting the formula of first-order

expectation dependence (FED) in (2), we can rewrite (1) in price form as

B2y 9 - u"(cigi+1)
pr = iRl B : FED(Zt41|9t41) Fyy (g41) | —ct “wle) dgi41
BTy g - 1
= 7f - 6 FED(xt-i-l |gt+1)E§t+1 (gt+1) RRQ(ctgH-l) MRSCtQtJrth dgt-‘r{Sl)
1+ R; g gt+1
—— —
risk-free present value effect first-degree expectation dependence effect

The asset price formula in (31) involves two terms. The first term on the right-hand
side measures the risk-free present value effect. This term captures the direct effect of
the risk-free present expected payoff, which characterizes the asset’s price for a risk-neutral
representative agent. In line with (3), the second term on the right-hand side of (31) reflects
the first-degree expectation dependence effect or the FED effect. This term involves the
time discount factor, the first-degree expectation dependence between the asset’s payoff and
consumption, the Arrow—Pratt relative risk aversion index, and the intertemporal marginal
rate of substitution. The sign of the first-degree expectation dependence indicates whether
changes in consumption tend to reinforce (positive FED) or counteract (negative FED) the
random fluctuations of the asset’s payoff. In this representation, an asset’s price is lowered
(raised) if and only if its payoff is positively (negatively) first-degree expectation dependent

with consumption.

Using integration by parts and second-order expectation dependence (SED) as in Li
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(2011), (31) can be restated as

Bz - - u'"(c
no= 1;;} — Beove(Tes1, Ge1) (C ) ﬂ/g SED(Z¢11/gt+1) ( 215,53:;1)> dge+1
Bz 1
= 3 l‘;} Beovi(@rer, fir) RR2(cg) MRS 5.,

covariance effect

g 1
- 5/ SED(Z¢41]gt+1) RR3(ctge+1) MRSe, g, 4 ¢, 2 dgi+1, (32)
g P41

second-degree expectation dependence effect

where RR3(ci41) = ¢, 1w (¢i41) /W (¢i41) 1s an index of relative downside risk aversion (Mod-
ica and Scarsini, 2005). The last term on the right-hand side of (32) shows the SED effect,
which involves the SED risk, the intensity of downside risk aversion, and the marginal rate

of intertemporal substitution, integrated over the support of the consumption distribution.

A4. Expectation Dependence-based Pricing with Absolute Risk Indexes

We rewrite the expectation dependence-based pricing formulas in terms of absolute risk
indexes assuming that the representative investor is equipped with a constant absolute risk
aversion (CARA) utility function. The CARA utility assumption may be theoretically useful

to make some qualitative statements. It is straightforward to restate (31) and (3) as

B2 u”(Ciy1)
Peo= g :_t]%c - 5/ FED(Zy11ce41) Fe, o (ce41)[— u,(:) Jdeisya,
Eix
= t t+; _ ﬂ/ FED If+1|0t+1) G (Ct+1) ARQ(Ct+1) MRScH_l,cf, dCt+1, (33)
1+ Ry
——
risk-free present value effect first-degree expectation dependence effect
and
ERy41 — R! /
—_—— = FED(R 1|C 1) 4 1(C 1)AR2(C 1) MRSCt \Ct dc 1 (34)
ﬁ(l—i—Rtf) . t+1|Ct+ Ce41 \Ct+ t+ +1,c¢ Yot

consumption risk effect
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where ARs(cii1) = —u"(ci41) /1 (ciq1) refers to the Arrow-Pratt measure of absolute risk

aversion. Similarly, we can rewrite (32) and (5) as

R . . u”(e) u” (cr41)
bt = 1 JrR{ - 5C0Vt(33t+170t+1) < W 5 SED 33t+1|0t+1) W deiya,
Eix
= ¢ t+} B covy(Zi41, Gy1) AR2(¢) MRSz .,
1+ R;
covariance effect
— ﬂ/ SED(i’tJrl |Ct+1) AR3 (Ct+1) MRSCt-H,Ct dCt+1, (35)
second-degree expectation dependence effect
and
Eth-&-l — R{ ~ ~ _
————— = covy(Ryy1,C41) AR2(¢) MRS,
ﬁ(]_ N R{) t t+ t+ C,Ct
covariance risk
+ / SED(Rt_H |Ct+1) ARg(CH_l) MRSCtJrth dCt+1, (36)
¢ N—————

SED risk

where ARj(cii1) = w”(ct41) /0 (cy1) denotes an absolute index of prudence as in Modica
and Scarsini (2005), Crainich and Eeckhoudt (2008), and Denuit and Eeckhoudt (2010).

Kimball (1990) uses —u""(¢i21)/u"(ciy1) as an alternative definition of absolute prudence.
A5. Details on the Comparison of Alternative Representations

Ab.1. Marginal Rate of Substitution

The reciprocal of the conditional expectation of the intertemporal marginal rate of substi-

tution (E;M RSz, .,)"" yields (14 R]). The n'" order Taylor approximation of u'(¢;4,) at

¢ yields
B! (C41)
MRSct.H e — W?
1 . n
= ey +Z S (6) G — 1) + ol (s — 1)),
= Ris1(c) Ee[(Gesr — 1)1 + o(g™),
= A(n) + o(g ) (37)
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where ¢p1 = G, A(n) =1+, % RRi1(c)Ee[(Ger1 —1)"], n > 1, and g = max{g —

1,1—g}. Thus, the commonly maintained assumption £, M RS;,, ., = 1 implies that A(n)—
is negligible. For instance, this assumption might hold for a very smooth consumption growth

process.

Ab.2.  Standard Representation

The n'* order Taylor expansion of u/(¢;,1) at ¢; in the standard representation of the C-

CAPM in (1) gives

Eth—i-l — R{ 1 o .
Dttvl T Ay R
501 +R{) /' (cr) cove(u' (ctGes1), Rit1),
1 Ny i . ; ~ =
=~y el (e) + D V()@ — '+ ol(Geva = 1)), Re),
i=1
n 1)i+1 i .
= (= z? RR;+1(ct) covi((Gev1 — 1) Rt+1) + cove(o((git1 — 1)™), Rig1),
i=1 '
( 1)i+1

RRy11(ct) cove((Gee1 — 1)', Regr) + o(g™). (38)

I

o

s
Il
.

This approximation can be rewritten in terms of an absolute risk index ARg(c) =

(—=1)*1u® /y' by replacing RR;y1(c) with AR (c)c’

Ab5.3. FED Representation

The n'* order Taylor expansion of u”(¢;y1) at ¢; in the FED representation of the C-CAPM
in (3) gives

E.Ry1 — R!
B(1+ R])

u// c g 1
D(Riy1lge41) Fgopr (9e41) [~ M]d9t+l
()

u’(e) + 3y cfu(”rz (ce)(ges1 — 1) 4+ o((ge41 — ™)

FED(Ri11|9t41) Fj,. (9e41)[—ct

[rr
J

u/(ct)

_ - ; 1
= RRs(e) cov(ens, Ren) + 3 (-1 RRupale) oy
i=1 ’

n

+

1 ( 1)1+1
= f RRi+1(ct) cov((Ge1 — 1)%, Reqr) + o(g" ™).
- !

i
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s cov((Grar = 1), Rega) + o(g" )
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It is straightforward to restate the above approximation in terms of an absolute risk index

ARy (c) = (—=1)*u® /o', by using the equality RRi;1(c) = AR;i1(c)c’

Ab5.4. SED Representation

The n'* order Taylor expansion of u”(¢;y1) and u"(¢,11) at ¢; in the SED representation of
the C-CAPM in (5) gives

EthJrl - R{ ~ - ull(ctg)
— X = COV , R —C
5(1+R7{) t(9t+1 t+1)( t

ul(ct)) /SED(Rt+1|gt+1)( QW)dQHA

W (e) + 0 Gl (e)(g — 1)+ o((g — 1))

U'(Ct>

2“”/(@) + 21 g il w3 () (gea1 — 1) + 0((geg1 — 1)™)

)

= cove(Get1, Rt+1)(*ct

ED
/ S Rt+1|gt+1 (—c (e )dgt+1
N . n (_1)i+2 - ;
= covi(fer1, Res1)[RRa(cr) + > a RRiga(ee)(g —1)']
i=1 ’
I D = (_1)i+3 7 n+2
+ [ SED(Rit1]ge+1)[— RRs(cr) + Z RRit3(ct)(ge+1 — 1)"]dge+1 +0(g" ")
9 i=1
n+1 :
. = 1)+t _ i
= conlin fen)[Y Ty RRena (g — 1)
=1
ntl —1)i+2 '
/ SED(R141/ge+1) [g -1 RRit2(ct)(ger1 — 1) dgesr + o(g"F?), (40)

where SED(Ry41|gi41) = covi(—(ges1 — Ges1)4, Res1) from (6). One can use RR;yq(c) =
AR;,1(c)c’ to rewrite this expression in terms of an absolute risk index ARy (c) = (—1)*1u® /o',

Empirically, one can assess the integrated SED quantity as

/ SED(R|g)dg Zcovt — 94, R) x (g0 = g" V) (41)

9

where ¢ = ¢© < ... < ¢¥ < ... < ¢@ = 7 are quantiles values that partition the

consumption growth sample into ) subsets of equal sizes. We set Q = Ny,/2 for our

calculations.

49



A5.5.  Generalization to k' -Degree Expectation Dependence C-CAPM

Recall that there is a recursive relationship between consecutive orders of expectation depen-
dence, that is, K" ED(Ry1|gi41) = fggt“(K—l)thED(RtH\s)ds. Using iterated integrations
by parts, one can generalize the theoretical results of Sections 3 and 4 to higher-degree ex-
pectation dependence risks — 37%-degree, 4'"-degree, ..., k*'-degree — and corresponding
higher-order risk attitudes — 4'"-order or temperance, 5"-order or edginess, ..., (k + 1)%-
order — of representative agents, with k > 3.

A K'™ED representation of the C-CAPM pricing relation, for K > 3, writes

Eth—i-l — R{

- th D k-1 k 1u(k)(ct§>
TR = oKD A
3 k=2

()

KU(KH)(Ctgtﬂ)

+ [ KOED Realgl ()R g, ()

A6. The Hansen’s (1994) skew t distribution

The likelihood function for the skew t distribution proposed by Hansen (1994) is:

a2\~
Flelv ) = be (1+ 755 (£) i 2 < —afb,
) - b ) 1 (bsta o\ —(v+1)/2 ] > —alb
¢ +u—2(1+,\) , if 22 —afb,

where the degree of freedom or fat-tailedness parameter is bounded as 2 < v < oo, and the

skewness parameter is bounded as —1 < A < 1. The other constants are given by:

a:4)\c(y_2),
v—1

b =1+3\ —d?,
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and
reg)
m(v =2 (%)

Hansen (1994) shows that the mean, mode, and variance of this density function are

Ez=0, Mz= —a/b, and Vz = 1. When A = 0, the distribution reduces to the (standard)
symmetric Sudent’s t distribution. When A < 0 or A > 0, the distribution is skewed to the
left or right, respectively. Setting v — oo (in practice to a number higher than 30) and
A = 0 yields a standard normal distribution.

Now consider the transformed random variable y* = bz + a. Let u, = E[(y* — Ey*)"]
and m, = E [y™] denote the n'" central and noncentral moments. It is straightforward to

see that the mean is m; = a and the variance is py = mo — m? = b?. The skewness is

Sy = S = ,L;gz _ M3 — 3mymsy + 2771?7
N2/ b

and kurtosis is

Ky'=Kz=% ,
T bt

where

me = 143X\ =0"+d%
_2>2
= 16 (14 07) — :
ms 60)\( +)\)(V_1)(V_3),zfu>3,
v—2) .
my = 3(1410A*+5X") EV_4;,zfy>4.

For an AR(1) process yi11 = Ey+¢, (y: — Ey)+4/(1 — qﬁg) Vy 241, with skew t innovations

2141, unconditional mean Ey, and variance Vy as in (13), the skewness is given by

(1- 6"

Sy=25z o7
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and kurtosis is
Kz (1 — ¢?) + 6
1+ ¢? ‘

Ky =

When ¢ tends to 1, the unconditional skewness Sy tends to 0 and the unconditional kurtosis
Ky tends to 3 (no excess kurotsis). When ¢ tends to 0, Sy and Ky tends to the skewness

and kurtosis of the skew t innovation z;,1.

A7. Details on the Construction of Variance Risk Premium
A7.1. Building Physical Variances from High Frequency Returns

To empirically build the realized variance series, we employ high frequency observations
on S&P 500 index. On a given day, we use the last record in each five-minute interval
to construct a grid of five-minute equity index log-returns. As in Andersen et al. (2003),

the realized variance on each transaction day t is given by V; = ;“:1 sz-t, where f?t is the

4t intraday squared log-return and n; denotes the number of intraday records. Note that
we observe n, = 78 five-minute returns on a typical transaction day. We add the squared
overnight log-return (the close-to-open change in log price) and apply the standard scaling,
thus ensuring that the sample average of the realized variance matches the sample variance
of daily log-returns. The cumulative realized variance for a given horizon 7 is given by the
aggregation daily realized variances, f/w =3 Viia. In our empirical analysis we consider
7 = l-month horizon to get monthly series.

To get genuine conditional expectation of the realized variance under the physical prob-
ability measure (P), we use Corsi’s (2009) heteroscedastic autoregressive realized variance
(HAR-RV) specification. Even though various econometric frameworks exist, the HAR-RV
model allows to generate reliable forecasts. Alternatively, on may use a random walk model

as in Bollerslev et al. (2009). The HAR-RV model, which features multi-frequency (daily,

weekly, monthly) predictors, is cast as

‘715+1 = Etp[f/t—&-l] + §t+1, (43)
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where Ef[f/tﬂ] = ap + aqVi + o,V + 0 Vi, w = 5 days (resp. m = 20 days) denotes

one week (resp. one month) trading period, and ;41 is an innovation term.

A7.2.  FEztracting Risk-Neutral Variances from Options

To extract model-free variance series under the risk-neutral probability measure (Q), we use
daily European options written on the S&P 500 index. Our option panel from OptionMetrics
runs from September 03, 1996 to August 31, 2015. Call and put contracts are sorted by
maturity and strike price. We use mid-quotes and apply the standard filters as in Chang
et al. (2013). Namely, we discard options with zero transaction volume, options with mid-
quotes less than $3/8, and options which do not satisfy basic no-arbitrage bounds.

It is important to mention that actual option data are available for a discontinuous and
limited set of strike prices whereas the construction of risk-neutral moments requires to
compute integrals (or weighted portfolios of) option contracts over a compact set of strike
prices. Thus, on each day and for any given maturity, we map option prices into Black and
Scholes’ (1973) implied volatilities. We employ a cubic spline to interpolate the observed
implied volatilities over a finely-discretized moneyness grid and generate a continuum of
implied volatilities. The interpolation is performed only for dates where at least two OTM
call prices and two OTM put prices are available. In addition, we extrapolate the implied
volatility of the lowest or highest available strike price outside (below or above) the observed
moneyness range of any given contract, as implemented in Chang et al. (2013). We then
map these interpolated-extrapolated implied volatilities back into call and put prices using
the Black and Scholes (1973) equation.

The squared VIX can be used to proxy the one-month ahead risk-neutral variance as in
Bollerslev et al. (2009), though it might induce some biases (Carr et al. 2012). To build risk-
neutral variance series for a generic horizon 7, we rely on the nonparametric methodology
implemented in Bakshi et al. (2003). A key insight of this approach is that one can replicate

any desired payoff by designing a portfolio of OTM European call and put options over a
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continuum of strike prices. To outline this approach, let 7, = log(Z14,) —log(Z:) denote the
log-return on the underlying asset between time ¢ and t+7. Moreover, consider the payoff at
maturity of a contingent claim A[Z] = 7} that describes a power (n = 2-quadratic, 3-cubic,
4-quartic, etc.) contract. As shown in Bakshi and Madan (2000), any twice-continuously

differentiable payoff with bounded expectation can be spanned as

AlF] = A+ (i -DA / A K)( — K) K
/ A [K|(K — 2)YdK. (44)
This spanning expression entails positions in the slope (first derivative A,[e] evaluated at
some Z) and the curvature (second derivative A,.[e] evaluated at the strike price K) of the

payoff function. By discounting the risk-neutral conditional expectation of the contingent

claim at the log risk-free rate v/ = log(1 + R’), we obtain its price

Ee T A7} = e T(AlZ] — TA,[E]) + ATz, + / b Ao K1C (¢, 7, K)dK

—i—/xAm[K]P(t,T; K)dK, (45)

which corresponds to a portfolio including the risk-free bond, the underlying asset, and
OTM calls and puts. We implement numerical approximations of the integrals in (45). The

risk-neutral variance (n = 2) is computed as

Ve = EP[(Fr — EX 72D (46)
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